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Abstract. In this paper we consider the problem of simultaneous draw-
ing of two graphs. The goalis to produce aesthetically pleasing drawings
for the two graphs by means of a heuristic algorithm and with human
assistance.Our implementation usesthe DiamondT ouch table, a multi-
user, touch-sensitive input device, to take advantage of direct physical
interaction of seweral usersworking collaborativ ely. The system can be
downloaded at http://dt.cs.arizona.edu where it is also available as
an applet.

1 Intro duction

Simultaneous drawings of multiple graphs are a useful visualization technique
when di erent relationships are de ned on the same set of objects, or when a
relationship ewolvesthrough time. The objects are represerted by graph nodes
and the relationships are represertied by graph edges.In simultaneous drawings,
the placemen of the graph nodesis the samein all the drawings, in order to
presene the viewer's mental map. Thus, it is more di cult to obtain good node
placemen for simultaneous drawings of two or more graphs, compared to the
casewhen only one graph is to be displayed.

Evenin the casewhen only two graphs are given, and individually they are
planar, it is not always possibleto nd consistert node positions that realize
plane drawings for ead graph. It is not known whether pairs of graphs from a
large number of classesallow simultaneous, straight-line, crossing-freeembed-
dings. To aid in the design of algorithms for simultaneous plane drawings for
certain classesof graphs and alsoto help in nding counter-examples (pairs of
graphs that cannot be realized) we designedan interactive, multi-user system
for manipulating simultaneous drawings of pairs of graphs.

? This work is partially supported by the NSF under grant ACR-0222920 and by
ITCDI under grant 003297.



Motiv ation for this problem comesfrom applications whereit is often neces-
sary to visually comparetwo relationships. Evolutionary treeson the sameset of
speciesare often constructed in computational biology. Biologists spend count-
lesshours pouring over tree drawings to determine the most likely evolutionary
branches. The problem is particularly dicult when the drawings of di erent
trees are laid out independert of eadh other.

1.1 Related Work

The problem of simultaneous embedding of planar graphswasintroducedin [2],
where it is showvn that pairs of paths, cycles,and caterpillars can always be re-
alized, while for generalplanar graphs and even outerplanar graphs this is not
always possible. Modi ed force-directed methods are usedto visualize general
graphs simultaneously suc that the mental map is presened up in [7]. Con-
ceptually, the problem of simultaneously embedding graphsis the reverseof the
geometric thicknessproblem [5].

The TreeJuxtaposeris a systemdesignedto support the comparisontask for
large trees[14]. A tool for visualizing large numbers of evolutionary treeson the
sameset of speciesis preseried in [11].

Traditional informal de nitions of aesthetically pleasing graph drawings in-
clude features suc as straight-line segmets for edges,few if any crossings,and
display of symmetries. In crossingminimization, the problemisto nd a draw-
ing with the minimum number of crossings.The problem is NP-Complete [8]
but there has beena great deal of researd on heuristic algorithms [9]. Graph
planarization [13] is often usedtogether with careful reinsertion of edges.

The Human Guided Seart (HuGS) framework describedin [1,10]is an inter-
active, or human-in-the-loop, optimization system. It leveragespeople'sabilities
in areasin which they outperform computers, such asvisual and strategic think-
ing. Users can steer interactive optimization systemstowards solutions which
satisfy real-world constraints. HUGS has been applied to graph drawing prob-
lemsin [12]. The DiamondTouch table is introducedin [4] and it hasbeenused
for an interactive, multi-pla yer game[3] and for gestural interaction [15].

1.2 Our Contributions

We presert an interactive multi-user system for simultaneous graph drawing.
The system usesthe DiamondTouch table, and allows for collaborative work
of up to four users. We also provide a heuristic algorithm that attempts to
minimize the number of crossings.The algorithms can be used on the ertire
graphs or on subsetsof nodes. The userscan stop the algorithm, move nodes
around and restart it with the updated positions. Thus, the userscan help the
algorithm move out of a local minimum, or guide the algorithm towards a more
aesthetically appealing solution. Alternativ ely, if the usersget stuck in a local
minimum, the algorithm can be started from a random position that may lead
to a better solution. Finally, our systemworks not only with the DiamondTouch



Fig. 1. ConceptualDiamondTouch table setup.

table, but alsoasa Java desktop application, or asa Java applet. The systemis
operational at http://dt.cs.ar izo na.ed u.

2 The DiamondT ouch Table

The DiamondTouch table [4] from Mitsubishi Electric Researt Laboratories
(MERL) is a desktop devicethat allows up to four usersto simultaneously ma-
nipulate virtual objects. Userscan move objects around on the table by touching
and dragging them with their ngers. The purposeof the table is to allow sev-
eral peopleto interact with a program at the sametime and to do so using their
hands rather than more common input devicessud as mice. The conceptual
setup is shown in Fig. 1.

The DiamondTouch table not only detects multiple users,but alsoidenti es
which useris touching where on the table. The table is physically large at 32" x
24" and allows seeral usersto work together comfortably; seeFig. 2. Under the
surfaceof the table, there is a grid of antennae. Each antenna transmits a signal
to the computer that correspondsto the strength of the capacitancebetweenthe
user and table. The capacitanceis greatest when the user is in direct contact
with a particular antenna: a circuit is completed from the antenna, through the
user's body, through the receiver pad on which the user is sitting or standing,
and badk into the table.

The table is designedto be usedwith an ordinary desktop PC or laptop. It
sendsthe data from the antennae to the DiamondTouch SDK drivers through
the USB port, allowing the software to examinethe data and to determine where



Fig. 2. Physicalsetup of the DiamondTouch table setup with two usersuntangling graphs.

on the table the user's ngers are located. The table is not a touch-screen:it has
no ability to display output. Instead all imageswhich would normally appear on
the display monitor are routed to a video projector which projects them onto the
surfaceof the table with the aid of a mirror and somepainstaking calibration.

3 Our System

The input to the systemconsistsof two graphs G, = (Vi1;E1) and G, = (Vz2; E2)
de ned on the sameset of nodes, Vi = V,, or a subsetof a larger common set,
Vi V andV, V. The goalis to obtain aesthetically pleasing simultaneous
layouts for both graphs.

In the casewhere G; and G, are planar, the goalis to obtain a node con g-
uration that realizesplane drawings for eac graph. That is, we are looking for
a point set P and bijective function m : V ! P, that mapsthe set of nodesto
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Fig. 3. Systeminterface with split view.

points in R? sud that in a straight-line drawing of G; on P using the mapping
m there are no crossings,and independertly in a straight-line drawing of G, on
P using the mapping m there are no crossings;seeFig. 4.

In the casewhen the two graphs cannot be realized simultaneously as plane
drawings, the goalis to obtain symmetric straight-line drawings with asfew edge
crossingsas possible.Note that edgecrossingsare acceptableif in ead pairwise
edgecrossingone of the edgesis from E; and the other from E,.

The system overview is shown in Fig. 3. The system requires an input le,
which contains node and edge information about the two graphs. The graphs
are then displayed on the table and userscan interact with the systemin various
ways. Someof the interactions possibleare:

loading and storing graphsvia input/output les;

selecting single-view or split-view;

selectingdrawings to show in the view (G1, G2, or both);

calling a heuristic crossing-minimization algorithm on both graphs;
calling the samealgorithm on selectedparts of the graphs;
interrupting the algorithm and manually repositioning nodes;
zooming in and out, or scrolling acrosslarger areas;

changing colors and sizesof nodesand edges.
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Fig. 4. (a-b) Initial drawingsof G; G, with crossingsin G;; (c) Combinedview of both
drawings; (e-f) Crossing-freedrawingsof G; and G;; (f) Combinedview of both drawings.

3.1 Examples

If the union graph, G = (V1 [ V2;E1 [ E»), of the input pair of graphs, G; =
(V1;E1) and G, = (V,; Ey) is a planar graph, then our problem has a trivial
solution. Since G is planar, there exists a plane drawing of it, and hence for
ead of G; and G, independertly. However, if the union graph G is not a planar
graph, a solution may or may not exist.

Considerthe pair of graphsin Fig. 4(a-b). Both G; and G, are simple cycles
on 5 nodes.Their union is K 5 asseenin Fig. 4(c). However, it is easyto nd node
locationsthat realize eadh of the two graphswith straight-lines and no-crossings;
seeFig. 4(d-e). The only crossingin Fig. 4(f) is betweenedgesof di erent graphs.

While pairs of paths, cycles,and caterpillars are easyto simultaneously draw
without crossingsand using straight-line edgesthis is not the casefor all pairs of
planar graphs. In fact, it is not known whether two trees can be simultaneously
drawn without crossingsand using straight-line edges.With this in mind, we
experimented with di erent classeof trees. The pair of treesin Fig. 5 is de ned
in such a way, that the union of the two graphs corntains a subdivision of K , for
any n. For the caseswhenn 4 it is fairly straight-forward to obtain by hand
straight-line, crossing-freesimultaneousdrawings. The pen-and-paper solution is



Fig. 5. A classof pairs of treesonn®  2n + 2 nodeswhoseunion contains a subdivision
of Ky.
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Fig. 6. The union of two trees contains a subdivision of K 5. (a-b) Crossing-freedrawings
of G1 and G»; (c) Combinedview of both drawings.

dicult to nd for K5 and K. For thesetwo casesour systemhelped us greatly;
seeFig. 6-7.

It is also known that there exist pairs of outerplanar graphsthat cannot be
realized simultaneously [2]; seeFig. 11. Thus, while it is not possibleto design
an algorithm for simultaneously realizing pairs of generalplanar graphs,in many
casessolutions do exist. Moreover, no polynomial time algorithms are known for
determining whether two planar graphs have a simultaneous embedding or not.
Our system can be helpful in gaining insight into the problem and in bridging
the gap between the classesof graphs for which algorithms for simultaneous
embeddings exist and those for which such embeddingsare not possible.

3.2 Dieren t Graph Views

Our system o ers sewral dierent ways to view the input graphs. The main
choice in selecting a view is whether it will be a single-view or a split-view.
Regardlessof the choice, the views can showv graph G;, or graph G,, or both
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Fig. 7. The union of two trees contains a subdivision of K s. (a-b) Crossing-freedrawings
of G1 and G»; (¢) Combinedview of both drawings.

graphs at the sametime. The split-view with G; in one and G, in the other
seemsthe most useful for the purposeof untangling graphs. This view is useful
when two groups of people simultaneously work on untangling the two graphs.
When a node (and its adjacert edges)is moved in one of the drawings, it also
movesin the other drawing. Shawing both drawings at the sametime allows a
userto seethe impact of the move in both drawings. A counter keepstrack of
the current number of crossings.To aid the userin identifying the two graphs,
the edgesof G; are coloredred and the edgesof G, are colored blue.

3.3 Heuristic Crossing Remo val

Given a crossingpair of edgesfrom the samegraph, e; = (p;q) and e; = (r;s)
we employ a crossing removal strategy consisting of three node-manipulating
operations: flip , shrink , and rotate (FSR strategy). We briey describe the
three operations in the FSR strategy below.

The flip operation consistsof ipping the positions of two nodesthat are
not endpoints of the sameedge. This implies that given crossingpair of edges
e; = (p;q) and e; = (r;s) , there are 4 possible ips. Without lossof generality,

Fig. 8. The flip (ei1;e2) operation.




Fig. 9. The shrink (e1;e2) operation.

considerthe casewherep and r are ipp ed; seeFig. 8. It is easyto seethat ip-
ping the position of two nodesthat are not endpoints of the sameedgeremoves
the crossing.

The shrink operation is performed on edges.It is attempted for eath end-
point of ead of the edgesin the crossingedgepair e; = (p;q) and e; = (r;s).
Without loss of generality, considerthe casewhere the operation is performed
on node p; seeFig. 9. Let d; (d) be the distance from p (q) to the intersection
point of e; and e,. The shrink operation for e; at node p results in moving p
along the edgee; in the direction of q for a of distanced; + k d; to its new
position p°, wherek is a parameter in the range0< k < 1.

The rotate operation is attempted for eac node in the crossingedge pair
e; = (p;g) and e; = (r;s). Again, consider the casewhen the operation is
performed on node p. Let be the angle determined by the intersection of the
lines passingthorough the points (p; ) and (p;r); seeFig. 10. We rotate p around
gat anangle + to its new position p°, where 2.

Each of the operations in the FSR strategy can be executed a number of
times on a particular crossing. Someof them are also parametrized by k and
for shrink and rotate , respectively. The three operations are attempted on all

Fig. 10. The rotate (e;;e») operation.




Fig. 11. An exampleof two outerplana graphswith no simultaneousembedding.

of the undesirable crossingsuntil either they are all removed or we have reached
a local minimum.

4 Conclusion and Future Work

We have preseried an interactive multi-user system for drawing graphs simul-
taneously While the systemis designedfor the DiamondTouch table, it is also
available asa Java application, and asa Java applet at http://dt.cs.ar izo na.
edu. With the aid of our systemwe were able to untangle many pairs of graphs
that had stumped us in the past. We also usedthe system successfullyto come
up with counter-examples for the caseswhere simultaneous embedding is not
possible. Formal proofs that the pairs of graphsin Fig. 11 and Fig. 12 can be
found in [2] and [6], respectively. However, there are many other examplesthat
we have neither beenable to realize simultaneously, nor prove that it cannot be
done. Someof them are available at the URL above and can be experimented
with.

Currently the heuristic algorithm for minimizing the crossingsin the simul-
taneousdrawings of the two graphsrelies on simple heuristics. We would like to
explore better heuristic algorithms, or leveragealgorithms and heuristics from
traditional crossing-minimization. Finally, we would like to designa brute-force
algorithm which can be usedto implement a fully functioning HUGS system.
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Fig. 12. An exampleof a planar graph and a path with no a simultaneousembedding.

Fig. 13. Singleview of the two treesin Fig. 7.
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